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In ca r ry ing  out exper imen t s  or  in putting into p rac t i ce  one or  another  industr ia l  p rocess  in the high- 
p r e s s u r e  region,  we need a r a t h e r  accu ra t e  knowledge of the value of the s t r e s s e s  a t  the locat ion of the 
substance being studied or  p roces sed .  The functional connection between the above s t r e s s  and the d i rec t ly  
de te rmined  value,  i .e . ,  the total force  applied to the unit, i s ' ca l l ed  the ca l ibra t ion  curve .  The re l iabi l i ty  of 
our  knowledge of the ca l ibra t ion curve also de te rmines  the re l iabi l i ty  of the opera t ion  of any given high- 
p r e s s u r e  unit, s ince d i rec t  m e a s u r e m e n t s  of the p r e s s u r e  a re  prac t ica l ly  excluded. 

In h igh-pressure  uni ts ,which use a liquid as  a working medium,  plotting of the ca l ibra t ion curve is 
r a t h e r  s imple .  It is a d i f ferent  m a t t e r  in units which use a plas t ic  substance as a working medium (with 
the p re sen t -day  level  of expe r imen ta l  techniques in the field of h igh-pressure  phys ics ,  i t  is p rec i se ly  these 
units which p e r m i t  obtaining max ima l  p r e s s u r e s ) .  The p resen t  a r t i c le  cons iders  this question using the 
example  of a r a t h e r  c h a r a c t e r i s t i c  unit, i .e . ,  a Br idgman anvil .  

A Br idgman anvil may be r e p r e s e n t e d  schemat ica l ly  in the fo rm of two e las t ic  ha l f - spaces ,  with a 
thin disc made of a plast ic  ma te r i a l  a r r a n g e d  between them.  With approach of the ha l f - sPaces ,  the disc 
becomes  thinner and i ts  radius  i n c r e a s e s .  Due to the p resence  of f r ic t ion between the plast ic  medium and 
the ha l f - spaces  (there is no lubricant) ,  there  a r i s e s  a p r e s s u r e  gradient ,  inc reas ing  with a dec r ea se  in the 
th ickness  of the disc.  To s impl i fy  the ana lys i s ,  we neglect  the effect  of the foreign inclusion located  in the 
p las t ic  medium (the substance being investigated) s ince,  as a rule ,  inclusions of this  type a r e  re la t ive ly  
smal l .  We also a s s u m e  that  the working medium is an ideal ly plas t ic  body (r is the yield point). 

Thus,  the p rob lem of de termining  the contact  p r e s s u r e s  in Br idgman anvils can be formula ted  as the 
p rob lem of the a x i s y m m e t r i c  flow of a thin l ayer  of p las t ic  ma te r i a l  ove r  deformed su r f aces  [1]. 

We introduce the polar  s y s t e m  of coordinates  r ,  9; p(r),  ~(r), and h(r) denote,  r e spec t ive ly ,  the con- 
tac t  p r e s s u r e ,  the fr ict ion s t r e s s ,  and the half- thickness  of the plast ic  disc.  We denote i ts  radius  by R, and 
the half- thickness  a t  the edge,  i .e . ,  a t  r = R, by H. 

Since h(r) << R, in accordance  with [1], we have the equation 

dp ~(r) (1) 
dr -- h (r) 

The fr ic t ion s t r e s s  T(r) is a s s u m e d  to be a given function. 
taken equal to 

The contact  p r e s s u r e  at  the edge is 

p (R) ~ 0.5~ s ( i  -~  5 -~  COS 8 )  (~ ~ aro sin ~(R)/0.5~ s ) 

The above value of p(R) is de te rmined  f rom the exact  solution of the equations of plas t ic  equi l ibr ium 
in the neighborhood of the edge [2]. If the fr ic t ion coeff icient  is equal to 0.5 a s ,  then, p(l~ = 1.28 a s .  

To de te rmine  the d i sp lacement  of the su r face  of the ha l f - spaces ,  w(r ) ,we  use the Bouss inesq fo rmula  
(see, for  example ,  [3]) which, with appl icat ion to the a x i s y m m e t r i c  case  is wr i t ten  as follows: 
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2~ (2) l--p;2 ~ ! p (r') r' d~ dr' 

where p and E are the Poisson coefficient and the elastic modulus. The 
following equality is obvious: 

h (r) = to (r)  - -  w ( R )  -~- H (3) 

The problem consists  of solving the sys t em of equations (1), (2) s imul-  
taneously with equality (3), with a given total force and volume of the plastic 
medium. However,  f rom a mathematical  point of view, it is expedient to 
assume that the dimensions R and H are given. Constructing the solution, 
we find the sought force and volume. The final resu l t  can be represented  in 
the form of a cal ibrat ion curve.  

In [4] an investigation was made of the sys tem (t), (2) under the condition r(r) = -0 .5  a s.  F rom the 
postulation of a constant  sign of the fr ict ion s t r e s s e s ,  on the basis of Eq. (1) it follows immediately that in 
absolute value the p res su re  r i ses  f rom the edge toward the center ,  attaining its maximal  value there.  How- 
ever ,  the experimental  investigations of [5] and others have shown that, with the compress ion  of very  thin 
discs ,  the p res su re  in the central  par t  becomes non-maximal.  

In [6] an at tempt was made to explain this effect. The author took the road of a ra ther  a rb i t r a ry  divi- 
sion of the plastic medium into an outer  ring of plastic mater ia l ,  and a region located within, filled with a 
compress ib le  liquid. The resul t  of the proposed model was a change in the sign of the frict ion s t r e s se s  on 
par t  of the contact  surface .  

We pass on to an explanation of the proposed model. We assume that at  each moment of the deforma-  
tion there exists a c i rc le  (we call it neutral,  and denote its radius by a) which has the proper ty  that the 
plastic mater ia l  located within it, during the course of the deformation,  is displaced toward the center ,  
while that located outside the c i rc le  is displaced toward the per iphery.  Therefore ,  the fr ict ion s t r ess  r(r) 
must  be positive with r < a, and negative with r > a. In the calculating scheme,  for purposes of s implici ty,  
we shall assume that the fr ict ion s t r e s s  is constant in value and equal to 0.5 as-  

The sys t em of equations (1),' (2) can be solved for any a rb i t r a ry  value of the radius a, with given 
values of H and R. To determine the actual value of the radius a ,  at  fixed values of H and R, we must  bring 
in supplementary considerat ions .  Fu r the rmore ,  for purposes of simplification, in addition to taking a more 
accura te  account  of the form of the working surfaces  of the Bridgman anvil (the punches have the form of 
t runcated cones with smal l  angles of conieity), we assume that the mater ia l  flowing out beyond the limits 
of the working sur faces  has no effect  on the fur ther  course  of the process .  We assume also that the work- 
ing volume has a l ready been filled; therefore ,  with a fur ther  approach of the punches, there is no change 
in the value of R. " 

We assume that the system (I), (2) is solved for given values of a, H, and R, under the above condi- 
tions (the method of solution is expounded below). We introduce into the consideration the function fl(r, H, 
a), equal to the volume of plastic material included within a circle of radius r. In this case, if we take 
account of the compressibility of the plastic material, the function 9(r, H, a) must determine not the vol- 
ume, but the corresponding mass .  

Before passing on to the es tabl ishment  of a connection between the quantities a and H, let us consider  
the question of the dynamics of the neutral c i rc le .  Let there exist  some solution, determined by the set  of 
values of R, H I, and al. We assign to the quantity HI a certain increment AHI~ 

How shall we determine the corresponding increment of a ? Assuming that the value of AH l is small 

in comparison with Hi, on the basis of the determined concept of the neutral circle, we can write the 

equality 

(al + aa,, H1 + AH~, a,) = ~ (al, H~, a~) (4) 

With an accuracy  up to infinitesimals of higher order ,  equality (4) may be represen ted  in the form 

O~(r, HI, a~) OQ(a,, H,, al) = 0 
Aa~ Or r=a, ~- A H a  OHa 
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Passing to the limit,  we a r r ive  at the differential equation 

da O~ (a, H, a) Of~ (r, H, a) [ 1 
OH - - - -  OH (" Or r=a)- (5) 

Equation (5), general ly speaking, permits  determining a depen- 
dence between a and H, in the presence of noncontradictory star t ing 
data. For  interpretat ions we turn to a compar ison  between solutions 
determined by the pa ramete r s  al, Hi and al + Aal, Hi + AH1. Let AHl 
be a negative quantity. If, with a decrease  in the value of H, there is 
not an increase  in the thickness at  the cen te r ,  then, the set  of values 
of ai and I,i 1 must  naturally be rejected.  The l imitation established 
may also be wri t ten in differential form.  

Since the function ~2(r, H, a) cannot be determined in analytical form,  the following procedure is p r o -  
posed for the approximate construct ion of the dependence a(HH). On the curve of Fig. 1, we plot the point 1 
with the coordinates Hi and ai. We ass ign to Hi the increment  AH1. We const ruct  the solution for the para-  
meters  HI--AHI and a, and, by t r i a l - a n d - e r r o r ,  we determine the value of r (denoted by a3) for which the 
following equality is satisfied 

(a a, H i  - -  AH1, al) = Q (a 1, H i , al) 

The point with the coordinates H1--AH1 and al, we denote by 2, and with the coordinates H1--AH 1 and 
a3,by3.  We further  const ruct  a solution for the pa ramete r s  H1--AH1-AH 3 and a 3. We denote the c o r r e s -  
ponding point by 4, etc. The smooth dotted curve,  connecting the points with uneven indices,  approximately 
determines  the required dependence. 

We give below the resul ts  of calculations with the following values of the s tar t ing data" v = 0.3, 
Crs/E = 0.02, a / I ~  = 0.3, H1/R = 0.02034, AH1/R = --0.00154, A H J R  = --0.0C12. 

Poin t  1 Po in t  3 Po in t  5 

H 0.02034 0 .0188 0 .0170  
h (0.5 R) 0 .0932 i  0 .931 0 .0932 

h (0) 0 . 1 t255  0 . 1 t 2 8  0 . 1 i 3 3  
a/R 0 .3000  0 .2999 0 . 2 9 9 6  
~/R 3 0 .4244  0 .4209  0 .4175 

P/csRz 14 .22  14 .52  14,91 

Here P denotes the total force and ~ the volume of the plastic medium. 

With a t ransi t ion f rom point 1 to points 3 and 5, there is a consecutive increase  in the height at  the 
center ,  of the total force,  and a decrease  of .the volume of mater ia l ,  as the resu l t  of its flowing out beyond 
the working volume. 

Figure 2 gives curves  for p(r) and h(r} with the pa ramete r s  a = 0.3 and I'i1/R = 0.02034. 

Let us continue our investigation of the question of determining the initial values of a and H. We re-  
turn to the case of the compress ion  of an originally ra ther  thick disc.  Naturally,  all the mater ia l  will be 
displaced away f rom the center ,  and the proposed scheme does not hold. In this case the value of H, at 
which flow toward the center  a r i ses  is determined f rom the equation 

0~ (0, H, 0)/a//= 0 (6) 

Establ ishment  of the corresponding value of H is of great  pract ical  importance since,  in this case,  
the region of actually constant p ressu re  is great ly  extended. Therefore ,  in ca r ry ing  out experimental  in- 
vestigations,  it is possible to displace a relat ively large volume of the substance being investigated; the 
resul ts ,  being averaged,  are  not dis tor ted by the nonhomogeneity of the s t r e ss  field. 

If an originally hollow disc is compressed ,  the investigation must  be ca r r i ed  out in accordance  with 
[1], right up to the moment when the internal cavity degenerates .  The value of the radius  of the neutral 
c i rc le  is taken f rom the solution for a hollow disc at  the moment when the cavity degenerates .  

The question under considerat ion is considerably more complex with the compress ion  of originally 
thin discs .  For  example, the following situation may ar i se .  During the course  of the compress ion ,  the 
outer part  of the disc may go over  into a plastic state and, in the central  part  of the elast ic  zone, there may 
a r i se  breakaway of the mater ia l  of the discs f rom the punches. 
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The forming cavity may be the reason for plastic flow toward the center .  To determine the sought 
values of a and H, it is found necessary  to follow all the stages of the solution descr ibed above, r ight  up to 
the moment  when the elast ic  zones degenerate~ 

The above considerat ions may be found to be ext remely  natural,  if account is taken of the usual shap-  
ing of the working surfaces .  

The above analysis  shows that the concept of a "calibration curve"  for h igh-pressure  units, using a 
plastic body as a working medium, has meaning only with fixed star t ing dimensions of the plastic body. 
Attention must  also be called to the fact that the calibration curve may be found not to be a mutually single- 
valued function. 

Let us outline the calculating scheme.  Let us consider  the integral  (2)~ We divide up the region of 
integrat ion (a circle  of radius R) by the set  of l concentr ic ,  equally spaced c i rc les ,  and by a bundle of m 
straight  l ines,  passing through the center ,  into small curvi l inear  rec tangles .  We shall determine all the 
sought functions p(r) and h(r) at points with the radial  coordinate ri  = ( i -0.5)  R / l ,  located at the centers  of 
these rec tangles .  The subscr ip t  i takes on values f rom 1 to l. The boundary conditions for the functions 
p(r) and h(r) are  taken at a point with the coordinate r .  

Taking account of the presence in the kernel under the integral  sign of a weak (integrable) singulari ty,  
we c a r r y  out the t ransformat ion  

R2n Rgrt 
f--~G S S [T(r')--P(r)]r'dr'de? - -~  IS r'dr'd~ 

w (r) = ~ ] / ( r '  co s  r - -  r) ~ + (r'  s i n  q))~ + p (r) ]/' (r '  co s  q~ - -  r) a -4- (r '  s i n  q~)~ 
O0 O0 

The kernel  of the express ion  under the integral  sign in the f i rs t  integral  is a continuous function; the 
second integral  is taken in closed form [3]. It is found to be equal to 

cr 

The e lementary  sums are calculated as the product of the difference p ( r ' ) - p ( r ) ,  taken at the centers  
of the corresponding rec tangles ,  and the mean value at the apexes of the rec tangles ,  of the following ex- 
press ion  

r'R~ i 
lm ~/(r, cos~p_r)~.4_(r, sinr 

We re turn  again to Eq. (1) and r ep resen t  it approximately in the form 

l--1 

P(ri) = t.28Z s @ ~ V(r~) Ar (/=1,~ ..... /--1) (7) 
~=i h (r j) 

The sys tem of equations obtained is solved by the method of success ive  approximations.  As a zero 
approximation,  we take any given distribution of the p res su res  P(ri); we determine the corresponding values 
of w(r i )and ,  consequently,  h(ri). F rom formula  (7) we find the f i rs t  approximation for the p re s su res  P(ri); 
we repeat  the proposed algori thm until a sa t i s fac tory  convergence is achieved. 

In the calculations,  the resul ts  of which were presented ea r l i e r ,  as a zero  approximation we took 
P(ri) = 1.28 ~s,  l = 80, m = 40, i terat ion number = 10. Under these c i rcumstances ,  a degree of accuracy  
up to 5 digits was attained. 

The author thanks D. S. Mirinskii  and A. D. Margolin for their valuable evaluation, and L. K. Trokin 
and I. B. Deryugin for setting up the p rog ram and car ry ing  out the calculations.  
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